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fulfills the first condition and the second states that tangency
conditions are applied to the ¢/ problem. Thus, rpf '’ = 4
(x) must vanish, since it vanishes at the body surface. It
follows, on matching potentials, that ¢! =B(x) equals
o8 (x,0). On the body r=71R(x) surface pressures can be
evaluated using e°¢? =7°R’? and the result that £’ (ex,r)
=<p(§){’ {(x.0). To evaluate the right side of the foregoing
equation we need the solution for ¢/?. The choice 8=¢ " or
6=¢ leads to Laplace’s equation with the solution
o =C(x)logr +D(x) which satisfies tangency conditions.
Evaluation on the body surface leads to limedro {?) = ¢ C (x)
=7‘RR’, and so,

3ol (np) - . e
lim (—,pM =lim esrt

=r?RR’
p—0 ap r—oo 4

since edre P is independent of r. Hence e=712 as opposed (o
e ~7%"7 in the near-planar two-dimensional case.

The stretching 6 =¢/% is the one of interest and leads to the
following crossflow equation for ¢, (ex,r),

6 1 ;
(1-3M202 Yoy, + (1- 5MLe3) 2 =0
5 7 rr 5 T ¥
with the solution

I 15/2
re;, {1 - EM*;sof,. ' =€ (x)

The correct branch is the one that identifies with classical
theory for large ». For small #’s the compressible correction
removes the usual logarithmic singularity in ¢,. The effect of
this nonlinearity, important near the body, must be trans-
ferred to the outer flow. This is accomplished by first
determining © (x) by evaluating the preceding equation on the
body surface, that is,

,’,.Z MZ.ZR'2—5/2
G(x)E—C—RR’{I—%J'

Next the same function is evaluated for the outer flow, giving
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Choosing =77

outer flow,

produces the boundary condition for the

o MR 2\ 52
lim x, ERR'(J——L—>
opsaop (x,p} 54

p—

where M2 R'?/54A<1. The outer flow therefore sees an
effective body slope reduced from its classical value and
which, for small enough A’s, decreases to zero. As before it is
possible to show that o{”? =D (x,0).
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Driver Gas Contaminationina
High-Enthalpy Refiected Shock Tunnel

R. J. Stalker* and K. C. A, Crane?t
Australian National University, Canberra, Australia

T is well known that the utility of reflected shock tunnels is
seriously limited by premature driver gas contamination of

“the test gas.! Davies and Wilson? have developed an ex-

planation of this effect, which is consistent with
measurements made in relatively low-enthalpy shock tunnels,
where the primary shock Mach number was Jess than 6 (Refs.
2 and 3). However, their theory indicates that early con-
tamination shouid not occur if the shock tunnel is operated at
primary shock Mach numbers which are less than a value near
the tailored . interface level. In experiments with a high-
enthalpy shock tunnel,® it has been found that early con-
tamination persisted at shock Mach numbers down to 60% of
the tailored interface value. In this Note, their theory is ex-
tended to take account of these results.

Davies and Wilson base their explanation of early con-
tamination on the bifurcation which occurs at the foot of the
reflected shock wave as it interacts with the wall boundary
layer in the shock tube. As shown in Fig. 1a, if the bifurcation
persists as the reflected shock is transmitted through the
driver gas, then the gas which passes through the bifurcation
region is decelerated through two oblique shocks, thereby
suffering a smaller change in velocity than the gas which
passes through the normal reflected shock. Thus, the gas
which passes through the bifurcation region has a velocity
towards the contact surface, which causes it to penetrate the
contact surface as a jet along the walls, and thereby, to
contaminate the test gas. Now, bifurcation persists if the
minimum stagnation pressure P, in the boundary layer is
such that some of the boundary-layer fluid cannot negotiate
the shock pressure rise. Davies and Wilson calculated P,
rom the Ravleigh supersonic pitot formula,i.e.,

Py /Py =iy + YM3/2V 0D 29M3/ (y+ 1)
—(y=Dy /(v + e

where P; is the pressure ahead of the transmitted shock, v is
the ratic of specific heats of the boundary-layer gas, and M,
is the minimum Mach number in the boundary layer with
respect to the transmitied shock. They assumed that the
boundary layer was composed of test gas, and M, was the
value at the wall. As already noted, this yielded results which
correlated satisfactorily with experiments at low enthalpies.
The high-enthalpy experiments® were performed with
helium driver gas, at primary shock Mach numbers ranging
from 13 to 23. Piezoelectric transducers were used to measure
the speed of the transmitted shock system u; after the contact
surface had come to rest following completion of the shock
reflection process. Estimates had indicated that bifurcation
was more probable at this speed than at any earlier stage in
formation of the transmitted shock. The pressure ratio across
this transmitted shock system Pr/P; was obtained by
combining measurements of the pressure after shock
reflection with the contact surface pressure, as calculated
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from M, the measured primary shock speed. Using these
measurements, the theory of Davies and Wilson predicted
that shock bifurcation and early contamination would not
occur. This was in conflict with the experimental evidence,
which is described subsequently. It is worth mentioning that
an alternative criterion for contamination due to Markstein?®
was similarly unsatisfactory, in that it also indicated that early
contamination would not occur.

Now, Byron and Rott® have pointed out that, at high
primary shock speeds, M, does not occur at the wall. In fact,
for a perfect gas, with a Prandtl number of unity, it can be
shown that

3 =2{{ur/a,M, — 112/[1+2M2/ (y—1)]—1]

where @, is the initial speed of sound in the test gas. When
values of M, calculated from this relation were used with the
theory of Davies and Wilson, it was found that, for y=1.4,
P, <Py when M, =16, indicating that bifurcation and early
contamination could be expected for shock speeds above this
value. This conclusion was in qualitative agreement with the
experimental results which showed that the time delay to onset
of contamination increased strongly with decreasing M| at
about M, = 16.

Having established that transmitted shock bifurcation was
possible, the theory of Davies and Wilson could be used to
estimate the velocity of the driver gas wall jet. Referring to
Fig. la, it was assumed that the pressure P, at the foot of the
bifurcated shock wave was given by P,=0.55 Py. Then the
Mach number of the flow approaching the bifurcated shock
M was obtained by noting that, since the transmitted shock

systemn brings the driver gas to rest, it was possible to write the |

momentum relation
PT/P_; —}:’YDM§(1+UT/H3)

where v, is the ratio of specific heats of the driver gas, M is
the driver gas Mach number, and u; is the contact surface
velocity. This allowed M; and M,=M;(/+ur/u;) to be
derived from the measurements of Pr/P; and u;, together
with a contact surface velocity u;, which was deduced from
measurements of M. Combining P, and My with the velocity
u; +uy of the flow approaching the bifurcated shock, then
yielded the velocity immediately downstream of the leading
shock A4 of the bifurcation. The entropy rise across the
trailing shock B was negligible, and so the final velocity of the
wall jet u; could be obtained by assuming an isentropic
compression to the pressure P,. Transforming to laboratory
coordinates, the wall jet velocity then became u; —u+.
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Fig. 2 Comparison of theoretical and experimental results for onset
of driver gas contamination in the test section flow.

In using this velocity to estimate the time to contamination
of the test section flow, the simplified model of Fig. 1b,
appropriate to undertailored operation, was used. It was
assumed that after the reflected shock arrived at the contact
surface, the contact surface velocity u,; remained constant
until the surface reached its equilibrium position, at which it
came to rest. At this point, the bifurcated transmitted shock
originated, leading to the wall jet, which moved with velocity
u; —uy through the quiescent test gas. Thus, the total time
delay, after shock reflection, for the driver gas to reach the
end wall of the shock tube was calculated as (#5+145+¢;), as
displayed in Fig. 1b. By adding this time to the nozzle transit
time, the time for the test section flow to become con-
taminated was obtained.

Results of these calculations are compared with experiment
in Fig. 2. For the calculations, the distance between the
primary shock and the contact surface following it was ob-
tained by using Mirels’ analysis.” For interest, the nozzle
transit time is shown, as well as scales for Py/P; and M;. The
experimental results, which are described in detail in Ref. 4,
were obtained with a mass spectrometer located in the test
section. They show the time at which the helium molar
concentration equalled 0.1.

The theoretical curve shows a steep rise in the time to
contamination at M, =15, while the measurements show that
this rise occurs more gradually. This is consistent with resulis
obtained by previous authors at lower shock speeds (e.g.,
Figs. 3 and 6, Ref. 2), and may be regarded as a reflection of
the many simplifying assumptions in the analysis. These are
necessary to yield a theoretical result. The results indicate
that, with attention to the choice of the criterion for boun-
dary-layer separation, the driver gas contamination
mechanism proposed by Davies and Wilson can be used
satisfactorily to explain the early onset of shock tunnel driver
gas contamination at high enthalpies.
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An Explanation of the Turbulent
Reund-Jet/Plane-fet Anomaly

S. B. Pope*
Imperial College, London, England

Nomenciature
C,.C.C,,C; =turbulence model constants
= centerline value
D/ Dt ={3/3t) + U;(3/3x,), rate of change along a

mean streamline
k = kinetic energy of turbulence
P =production rateof k
r =radius in axisymmetric coordinates
8 =rate-of-strain tensor
U; =mean-velocity vector

;U = Reynolds-stress tensor

vV =radial velocity {axisvmmetric flow)
X; = position vector

Y - =jet half-width

8y = Kronecker delta

€ =rate of dissipation of

efr =effective viscosity

01,3, = turbulence model constants

X =vortex-stretching invariant

wj =rotation tensor

Introduction

HE use of turbulence models to calculate the properties

of free turbulent flows is now quite common. ! Models
that solve transport equations for {two or mor¢ quantities have
the potential advaniage of gencrality since they require no
direct empirical input such as a mixing-length specification.
Their only empirical input is five or six constants which, for
gencrality, are supposed to take the same values in all flows.
However, this generality is found not to exist. Using the
values of the constants appropriate to boundary-layer flows,
the velocity field in a two-dimensional plane jet is calculated
quite accurately, but large errors occur for axisymmetric jets.
Specifically, the spreading rate of the round jet is
overestimated by about 40%. Experimental data indicate that
the round jet spreads about 15% less rapidly than the plane
jet, while its calculated spreading rate is 15% greater.
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The discrepancy between calculated and measured values is
found with both mean-flow and Reynolds-stress closures.
Here, the simpler mean-flow closure is considered, and at-
tention is focused on the k-¢ model. For constant (unit
density flows, this model determines the Reynolds stresses
through the isotropic viscosity hypothesis,

2 elU; aU;
= kb, — <_1+__,) a
“ uj ¥ ,u il an &xi ( )

where the effective viscosity is given by
Bes=C,k? /e 2)

k, the kinetic energy of turbulence (V2u,1;), and ¢, the rate of
dissipation of k, are determined from transport equations:

DK_ a Heif 3k
Dt dx; g, Ax;

+P—¢ 3

De 3 per O €
— =+ - (C,P-C, 4
Dt ax o ax k& 7€) @

Pis the rate of production of kinetic energy:

—al;
P= —u,-u—,-a—x' (5)

J

Commonly used values for the constants C,, C,, C;, oy and
o, are 0.09, 1.45, 1.90, 1.0, and 1.3, respectively. Wiih these
values, wall boundary layers and the plane jet are well
represented.

Previeus Work

In order to obtain accurate calculations of round jets, some
modification to the model is required. Changing C,; to 1.6
produces the desired effect but, in so doing, any notion of
generality has to be abandoned. Three attempts have been
made previously to introduce a modification while retaining
some semblance of generality. All of these make reference to
enterline values ( £ ) and involve modifying either C,; or C,;:

Launderetal.!

C,=1.92 0667{ v (19U AU\
@=L ZUQ(I & " & M

McGuirk and Rodi*

Yy, dU¢
C,=114-531"—F—— 7
o= U, dx M
Morse®
c,=14-3.4(F2YY 8)
(T ’ \e ax}t )

v, is the distance from the centerline to the location where the
velocity is half the centerline velocity. (Launder ¢t al. also
made a modification to C, but this has no great effect for
jets.) The different modifications to C,; and C,, produce the
same desired effect for self-similar jets but differ slightly in
the developing region; here, Morse's proposal fares best.

No convincing physical explanation is provided to justify
these modifications and, in addition, there are two separate
objections to them. These objections, though separate, both
stem from the use of centerline values. First, the
modifications imply ‘‘action at a distance’’; a change in the
centerline conditions is supposed immediately to affect the
extremities of the jet. This is physically implausible. Second,



